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Abstrat
Analysing borehole temperature data in terms of ground surfae his-
tory an add useful information to reonstrutions of past limates. There-
fore, a rigorous assessment of unertainties and error soures is a nees-
sary prerequisite for the meaningful interpretation of suh ground surfae
temperature histories. This study analyses the most prominent soures
of unertainty. The diusive nature of the proess makes the inversion
relatively robust against inomplete knowledge of the thermal diusivity.
Similarly the inuene of heat prodution is small. It turns out that for
investigations of the last 1000 to 100 000 years the maximum depth of the
temperature log is ruial. More than 3000 m are required for an optimal
inversion. Reonstrutions of the last one or two millennia require only
modestly deep logs (>300 m) but suer severely from noisy data.
submitted to Journal of Geophysis and Engineering
1 Introdution
Borehole temperature data reord past hanges in ground surfae temperature
(GST) as the transient temperature signal diuses into the subsurfae. These
temperature data have been used to reonstrut time series of the ground surfae
temperature in numerous studies. The value of suh reonstrutions as a proxy
for the paleolimate, however, is still subjet of researh and disussion (e.g.
Mann & Shmidt 2003). It has been shown (e.g. González-Rouo et al. 2003,
Signorelli & Kohl 2004) that surfae air temperature (SAT) and soil tempera-
ture orrelate well at long timesales. Reonstrutions have been arried out
on various timesales from a few hundred to 100 000 years by several authors.
While the shorter type serves, ombined with proxy limate data, as a means
to investigate natural and anthropogeni limate hange, the longer reonstru-
tions study temperatures of the last ie-age and its transition to our urrent
limate.
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The problem is usually simplied to a purely ondutive, one-dimensional
one. If the model fails to apture reality, any inverse method will produe
spurious results. Previous studies have already analyzed various eets that
an possibly inuene the transient signal. For instane, the error introdued by
the ommon assumption of one-dimensionality has been treated by Shen et al.
(1995) and Kohl (1999). Advetion of heat by groundwater ow an modify the
signal onsiderably (Clauser et al. 1997, Kohl 1998, Taniguhi et al. 1999, Reiter
2005). In the following analysis we will show that even with all simplifying
assumptions fullled, it is possible to produe artefats in the inverted time
series. Although we use a partiular algorithm for the study, the results will
more or less apply to other programs as well. We will start with a short review
of the theory of the algorithm in the next setion.
1.1 Theory
The algorithms ommonly used for GST history inversion assume a one-dimensional,
purely ondutive model. The physial properties of the subsurfae are known,
the medium an be layered (Shen & Bek 1991, 1992) or is assumed to be homo-
geneous (Mareshal & Beltrami 1992, Beltrami & Mareshal 1995). Both ver-
sions an be used on single boreholes or on ensembles of temperature logs in
order to improve the signal to noise ratio. In a omparison of dierent odes
(Bek et al. 1992), it was found that all of them perform equally well under
similar irumstanes.
In the model onsidered here (Mareshal & Beltrami 1992, Beltrami & Mareshal
1995), the subsurfae is onsidered homogeneous. The steady state temperature
prole is dened by the heat ux at the surfae q0, the pre-observational mean
ground surfae temperature T0, thermal ondutivity λ, and heat prodution
rate A of the subsurfae. Together with a additional transient term Tt(z, t)
the temperature at time t and depths z is given by (Carslaw & Jaeger 1959,
Beltrami & Mareshal 1995):
T (z, t) = T0 +
q0z
λ
− Az
2
λ
+ Tt(z, t). (1)
In the partiular ase that the GST history an be parameterized by stepwise
temperature hanges TGj at times tj before present (t = 0) the transient term
beomes
Tt(z) =
N∑
j=1
TGn
(
erf
(
z
2
√
κtj
)
− erf
(
z
2
√
κtj−1
))
(2)
If thermal ondutivity, diusivity and heat prodution are known, the only
remaining unknowns are the steady-state GST, the surfae heat ow and the
values of the the GST history. If temperatures are reorded at depths zi i =
1, ...,M , a set of M linear equations an be formed from equation 1, that an be
solved for the unknown variables. The solution needs to be regularized beause
the problem is ill-posed. The singular value deomposition (Lanzos 1961) is
used for this purpose by solving the linear problem and at the same time seeking
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Figure 1: Time and depth sales of GST hanges and respetive hanges in to-
day's subsurfae temperature. Top: Idealized GST history (Haenel et al. 1988,
table 10.9). The dierent line styles mark harateristi periods, respetively.
Bottom: Temperature anomalies in the subsurfae omputed from the time se-
ries. Line olours of the anomalies orrespond to the periods of the upper panel.
The dashed line is equivalent to the sum of the anomalies.
a solution that minimizes the norm of the model. Impliations of this proedure
will be disussed in more detail in setion 2.
The original ode
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was employed in various ase studies for the reon-
strution of past limates (e.g. Beltrami et al. 1997, Beltrami & Bourlon 2004,
Clauser & Mareshal 1995, Clauser et al. 1997, Jones et al. 1999). It was also
used in onjuntion with other proxy data to improve the temporal resolution of
the GST history as well as the oupling between GST and SAT (Beltrami et al.
1995, Beltrami & Taylor 1995, Signorelli & Kohl 2004, Nitoiu & Beltrami 2005).
Before analyzing the sensitivity of this algorithm it is worthwhile to investigate
the eet of hanging GST on the temperature measured in boreholes.
1.2 Paleolimate inuene on subsurfae temperatures
The magnitude and time/depth sale of GST hanges an be seen in gure 1.
We used a temperature history of the last 1 million years based proxy data
(Haenel et al. 1988, table 10.9) to demonstrate the eet of this transient signal
on the subsurfae temperatures. The urve is valid only for Switzerland but it
displays the main features of the limate of the last 1 million years. The proxy
urve is subdivided into 3 parts and for eah a perturbation with respet to the
mean is alulated. The transient signals for eah of the periods are omputed
1
A MATLAB version of the program inluding a GUI and the optimal hoie of
the regularization parameter by means of the L-urve method an be downloaded from:
http://www.geophysik.rwth-aahen.de/Downloads/software.html
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separately (gure 1, lower panel, solid lines). The mean GST (T0 in equation 1)
for eah of the omputations is assumed to be 0
◦
C.
The total transient signal (dashed line) is then the sum of the three partial
signals. It is apparent that hanges of the order of 106 years for this partiular
GST history will appear in a temperature log as a virtually straight line with
a slope of about -1 K km
-1
unless the temperature log runs down to a depth
of at least 4000 m. The slope will hange if a dierent GST history is used
but it is lear that this part of the transient signal annot be resolved by an
inversion, espeially not in the presene of noise. Thus, utuations of the pe-
riod 100 000 to 1000 000 years will usually appear only in the pre-observational
mean (POM). The glaial temperature minimum and the postglaial temper-
ature inrease (100 000 to 10 000 years) ause the most prominent disturbane
of the temperature prole. The temperature deviation reahes its maximum
amplitude at about 1500 m depth, but still has a value of 1.5 K at 4000 m
depth. Beause most of the available undisturbed temperature data are from
smaller depths, a large portion of this signal is frequently not reorded. The
signal due to temperature variations during the Holoene an be traed down to
a maximum depth of 1000 m. Although temperature data in this depth range
are more numerous, reonstrutions have been attempted using substantially
shallower data.
From the disussion above two questions arise. Setion 2 fouses on the
question what the value of the regularizing parameter ǫ for any given problem
should be and whether some objetive riterion an be used to dene it. In se-
tion 3 the question is addressed if a reliable reonstrution of past temperatures
is possible when only part of the transient signal is ontained in the data.
2 Optimum hoie of regularization parameter
It was mentioned in the introdution that a regularization is needed to solve the
inverse problem in a stable manner. For the singular value deomposition, two
methods are ommonly used (Menke 1989). Either only the p largest singular
values are used in the inversion or a damping parameter ǫ is added to the singular
values suh that
1
λi
=
λi
ǫ2 + λ2i
. (3)
The stabilization of the solution is obtained at the ost of loss of model resolu-
tion. Both methods require a hoie of a regularization parameter β, i.e. the
number of singular values disarded, or the magnitude of the damping parame-
ter. A regularization of this type tends to minimize the norm of the model. This
is equivalent to minimizing the objetive funtion φ(m) given by (Aster et al.
2004, Farquharson & Oldenburg 2004):
φ(m) = ||G(m)− d||+ ǫ2||m||. (4)
Here the rst term represents the L2-norm of the data mist, with G(m) being
the forward model and d being the data. The seond term represents the L2-
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Figure 2: Priniple of the L-urve. With inreasing ǫ the model norm dereases
and the data norm inreases. The optimum value for ǫ an be found at the
maximum urvature point of the urve.
norm of the model m. In terms of paleolimate inversion, minimizing the model
norm an possibly hange the amplitude of paleolimati disturbanes. Too
small an ǫ, on the other hand, will lead to spurious osillations in the solution
of the GST. Thus it is important to hoose a proper value for the damping
parameter, preferably based on some objetive riterion.
One way to gain insight into the problem is the L-urve (Hansen 1998,
Farquharson & Oldenburg 2004), so alled for its shape. To reate this urve,
the inversion is repeated for a range of regularization parameters and the data
norm is plotted versus the model norm (gure 2) on a logarithmi sale. For
large values of ǫ the model norm is small but the data norm is large. A small
ǫ leads to a large model norm and to a data mist norm that is lose to the
variane of the data. These two ases dene the asymptoti behaviour of the
L-urve. At the maximum urvature point of the urve, a ompromise is found
between the magnitude of those two norms (Hansen 1998). This is the optimal
value for the regularization parameter.
We studied our inversion problem with the help of the L-urve riterion. A
syntheti temperature log was reated using the parameter set given in table 1.
The transient temperature anomaly given in gure 1 was added to the steady
state solution and random, normally distributed noise was added. The noise
amplitudes for the test data sets were 0.01, 0.2, 0.4, and 0.6 K, respetively.
Figure 3 shows the variation of the L-urve and the optimum ǫ as a funtion
5
Table 1: Parameters of the syntheti model used for the L-urve studies.
Parameter Value Unit
Sampling rate 20 m
Total depth of log 5000 m
Number of time steps for inversion 20
Start time of inversion 1000 ky b.p.
Stop time of inversion 0.1 ky b.p.
101 102
10−1
100
101
σ = 0.01 K 
σ = 0.2 K 
σ = 0.4 K 
σ = 0.6 K 
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1.8e−001
2.4e−001
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C:\Andy\Desktop\ahapaleo\lcurve\lcurve1.m [02−Feb−2005 18:36:57]
Figure 3: L-Curve for dierent noise levels.
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Figure 4: Inverted GST-history for dierent noise levels and optimal ǫ from
gure 3. The urves are eah shifted by 5
◦
C for better visibility.
of the noise level. It is apparent that only for the smallest noise level the L-
urve takes on a well shaped form with an maximum urvature point easy to
determine. For all noise levels the L-urve displays a straight line region where
any hange in ǫ leads to large hanges in the model norm but does not hange
the data t at all. This means that a value of ǫ less than the value found in the
maximum urvature point is not justied by the data. It is noteworthy that the
model norm of the optimal model does not vary muh with the inreasing noise
level. This indiates that the inverted model is robust against noise for this
onguration. This point is illustrated by omparing the inverted GST histories
for optimal values of ǫ (gure 4). The major feature is the temperature inrease
at the end of the last ie age. It is preserved in all of the results in omparable
magnitude and robust against noise. Smaller temperature variations during the
Holoene period, on the other hand, are only resolved at the smallest noise level.
The L-urve provides a tool to answer the important question if a sought for
feature in the paleolimate reord an be resolved by the data.
Finally, gure 5 shows a omparison of inversion results for a given noise
level and a range of ǫ-values. The optimal value would be about 0.14, yielding a
rather smooth model. The interpreter, possibly aware of a paleolimati proxy
urve like the ones shown in the gure, might be tempted to hoose a smaller
value that seems to better t the temperature variations in the model during
the Holoene. However, gure 3 indiates that the data t does not improve at
all by hoosing an ǫ smaller than 0.14. The small amplitude variations on top of
the temperature inrease at the end of the ie age appear to be only numerial
artifats.
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Figure 5: GST-histories for a xed noise level of 0.2 K and varying values of
the damping parameter ǫ. The optimal hoie of ǫ aording to the L-urve
riterion is 0.14.
3 Sensitivity analysis
3.1 Length of the temperature log
In the introdution the question was posed if the full depth range of the transient
signal is needed for a valid reonstrution of the GST history. To analyze this
problem, a syntheti temperature log with a simplied GST history of the last
1 million years is omputed. The parameters for the temperature log are taken
from table 2. The GST history that produes the transient temperature signal
(grey line, gure 6) does not represent an atual paleolimati urve but rather
represents an idealized history with orret order of magnitude for amplitude
and timing of the events.
For the inversion proedure, the originally 3000 m deep log was ut o at
depths of 2000 m and 1500 m. All three logs were inverted with and without
syntheti noise applied. We hose normally distributed noise with a standard
deviation of 0.3 K. For the inversion of the noise free and noisy logs, a onstant
damping parameter ǫ of 0.1 and 0.2, respetively, was used.
The resulting GST histories for the dierent inversion runs are displayed in
gure 6. For both the noisy and the noise free data a log depth of 3000 m seems
to be suient to fully reover the amplitude of the last glaial stage. A derease
of the maximum log depth also redues the amplitude of the glaial ooling.
Further the phase of the events is shifted to later times. The eet is more
pronouned for the noisy data, but even for noise free data any reonstrution
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Figure 6: A shortening of logs results in dierent GST reonstrutions. Solid
line represents the GSTH that was used to drive the forward model. The dashed
lines show reonstrutions for dierent depths of the logs. The temperature of
the last glaial minimum is only resolved for the 3000 m log. Not even the
timing of the limati optimum in the Holoene is orretly resolved for the
1500 m log.
Table 2: Values for the thermal properties that are used throughout the text to
ompute syntheti temperature-depth proles.
Parameter Value Unit
Thermal ondutivity 2.5 W (m K)-1
Volumetri heat apaity 2.30 ·106 J m-3 K-1
Thermal diusivity 1.09 ·10−6 m2 s-1
Heat prodution rate 1.0 ·10−6 W m-3
Surfae temperature 10.0 ◦C
Heat ow 0.06 W m
-2
Sampling rate 1.0 m
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Figure 7: Upper panel: Various reonstrutions of paleo temperatures of the
last two millennia. Lower panel: Inversion results for a 2000 m deep noise free
temperature log using the proxy-urve of Esper et al. (2002) as input data.
of the last ie age paleolimate based on logs shallower than 2000 m seems to
be problemati.
A similar proedure of shortening logs an be used to estimate the neessary
depth of temperature logs for millennial sale limate reonstrutions. Cur-
rently plenty of proxy reonstrutions for the last one or two millennia exist and
their validity is debated. The geothermal method an provide valuable insight
into this problem as it is the only diret measurement of paleo-temperatures.
The more it is important to analyze the information ontained in the tempera-
ture data. Figure 7, upper panel, shows a few reonstrutions of the Northern
hemisphere annual mean SAT together with a reonstrution based on borehole
temperature data (Mann & Jones 2003, Esper et al. 2002, Huang et al. 2000).
In our analysis we use the reonstrution of Esper et al. (2002) as the foring
to ompute the transient temperature perturbation. The other parameters of the
forward model are taken again from table 2. Additionally, a pre-observational
mean needs to be speied. As the proxy urve ontains no information about
this parameter, it was arbitrarily hosen to be the mean temperature in the
interval 8001200 years before present. Figure 7, lower panel, displays an inver-
sion result for this syntheti temperature log. The temperature data are noise
free and the log runs 2000 m deep. Beause of the favourable onditions for
this partiular inversion run the information ontained in this reonstrution
10
an be onsidered the maximum knowledge that an be extrated by inverting
temperature-depth data. The warming trend of the last 200 years is aptured
very well. No insight into limate variations of the preeding enturies an be
gained, but the pre-observational mean is preserved in the reonstrution. Thus
the borehole method eetively provides two unknown piees of information:
The temperature hange from the average temperature of the last millennium
and the mean temperature before that period.
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Figure 8: Inversion results for dereasing maximum depth of the temperature
log. Temperature logs were ut o at various depths. Thermal parameters are
the same as in table 2. Upper panel: Input temperature data for the inversion
was noise-free. The damping parameter ǫ equals 0.1. Lower panel: Temperature
data are disturbed by normally distributed noise with a standard deviation of
σ = 0.1 K. A higher ǫ of 0.6 is used in the inversion.
These onsiderations are only valid for the best available data. In reality,
data are noisy and boreholes are not suiently deep to allow extration of this
information from the temperature data. Figure 8 ompares inversion results
where only shorter logs are available and noise is added to the data. For the
ase without noise, the average temperature of the last millennium an be re-
solved for logs that run deeper than 300 to 500 m. For shallower logs a strong
derease in amplitude of the GST reonstrution is apparent. If noise is present
in the data even the 1000 m temperature is not able to fully reover the mean
temperature of the last 1000 years. These observations are dierent from the
results for glaial/post-glaial reonstrutions. The reason is that the amplitude
of the transient temperature signal due to temperature hanges in the last few
thousand years is one order of magnitude less than that observed for the post-ie
age temperature rise (see gure 1). The input signal used here is a global SAT
11
z
[m
]
a
0
200
400
600
800
1000
1200
1400
1600
1800
2000
0 50T [°C]
0 50Ts (true) [°C]
b
0 50T [°C]
0 50Ts (biased) [°C]
c
-2 6DT (true) [°C]
-2 6DT (biased) [°C]
q0 = 43 mW m
-2
T0 = 8.2 °C
Smaller
GST
anomaly
wrong T
minimum
q0 = 50 mW m
-2
T0 = 5 °C
Figure 9: Estimating the transient temperature anomaly and undisturbed gra-
dient results in a biased estimate for the gradient and a smaller temperature
anomaly.
reonstrution. At a spei site the amplitude of the transient signal an be
higher and thus improve the signal to noise ratio that we assume in our example.
Thus, in pratie the expeted signal should be ompared to the noise present
in the data to assess if the desired signal an be extrated from the data.
Both examples show a strong dependene of the inverted GST history on
data quality and both fail to reprodue the input foring under ertain irum-
stanes. The ill-posed nature of the problem together with the regularization
using the damping parameter ǫ ause this behaviour. Besides preventing numer-
ial instability in the inversion the proedure also minimizes the norm of the
parameter vetor. Usually this eet is desired to avoid unneessary ompli-
ated models (Constable et al. 1987). However, in our ase a minimal solution
in this sense will have smaller GST variations ompared to the GST variations
that reated the transient temperature anomaly. This is espeially true sine
the mean GST T0 and the surfae heat ow q0 are also solved for. Figure 9 illus-
trates this problem. The blak line denotes the true temperature perturbation
due to a step inrease in ground surfae temperature. If one inverts simultane-
ously for GST history, q0, and T0 using a minimum norm model in the presene
of noise, a steady state temperature prole (grey line) tilted toward the temper-
ature anomaly will be obtained instead the true one (dashed blak line). In a
ase with a step inrease in GST, the estimate for q0 will be too low and that for
T0 will be too high. An example of this trend will be given in the ase example.
It is also notable that the temperature perturbation rosses the steady-state
prole at two points (arrows). Thus, a false GST history is reated with a de-
rease in ground surfae temperature and a subsequent inrease although the
input model uses only a step inrease. Even with an ǫ hosen optimal for the
inversion, this problem will persist as it is imminent in the regularization.
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Figure 10: Systemati hanges in thermal diusivity ause shifts in the timing
of the events. Thermal ondutivity is varied from 70 % to 130 % of the original
value. For better visibility, inverted urves are staked and plotted as smooth
lines rather than a series of step funtions.
3.2 Thermal parameters
The inversion proedure requires that thermal ondutivity, thermal diusivity,
and heat prodution rate are exatly known. In a real situation errors for this
parameters an be minimized but annot be avoided altogether. For instane
errors might be introdued by preferential sampling of units that are not rep-
resentative of the whole sequene. Also, missing or false orretions for in-situ
onditions of temperature and pressure an ause systemati deviations from the
orret thermal parameters. In the following the unertainties in the inversion
resulting from these errors are onsidered.
In general, the inversion proedure interprets urvature in the temperature
log as a transient signal. Thus, only the terms introduing urvature in equa-
tion 1 will have an inuene on the inversion result. The transient term of the
model has thermal diusivity as its only relevant parameter. We an expet
that this property will have the largest inuene on the solution. Within the
steady state terms, only the heat prodution term introdues urvature. As
heat prodution rate is usually small, the inuene of this term is expeted to
be less important for boreholes of moderate depth (see 3.2). Heat prodution
and thermal ondutivity are related inverse proportional in this term. Thus,
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Figure 11: Systemati hanges in heat prodution rate ause variations in the
amplitude of the events. Heat prodution rate is varied from 70 % to 130 % of
the original value. The inverted urves are plotted as smooth lines rather than
a series of step funtions for better visibility of the eet.
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to analyze the errors introdued by this term, only on of the parameters needs
to be studied. We hose the heat prodution rate. Thermal ondutivity has its
main inuene in the steady-state terms for heat ondution. A false assumption
will therefore lead diretly to a proportional error in the heat ow density but
does not aet the transient part of the temperature log. In pratie, of ourse,
thermal diusivity is indiretly determined as the ratio of thermal ondutivity
and volumetri heat apaity and will have an indiret eet on the solution.
In order to support this qualitative disussion with quantitative results a
syntheti temperature log was inverted with false assumptions of thermal diu-
sivity and heat prodution rate in two separate inversion runs. The parameters
were varied by ±30% of the original value. A simplied GST history was used
in the forward model to ompute the transient temperature anomaly. The GST
history used is omprised of several step hanges that aim to reprodue the
general magnitude and timing of the expeted eets and do not represent an
atual GST history. The results of these experiments are shown in gures 10
and 11. Thermal diusivity inuenes the timing of events in the reonstruted
time series. A phase shift of the entire reonstrution ours when a false es-
timate is used in the inversion. The amplitude of omputed past temperature
remains unhanged. Heat prodution inuenes the magnitude of the paleoli-
mati events but retains timing of events. The eet of the heat prodution
inreases with time, onsistent with the fat that the heat prodution term in-
reases quadratially with depth. It is apparent, that the heat prodution will
only be signiant for very large deviations from the orret value and deep
boreholes. For instane, it should be irrelevant for millennial sale studies.
Thermal diusivity an hange the timing of events on all timesales and it is
also important for inversions of muh shorter timesales than onsidered here.
3.3 Heterogeneity
The previous disussion onsidered a homogeneous subsurfae only. The ques-
tion is of ourse whether the onlusions drawn a valid for a heterogeneous
medium. To address this question we will assess the impat of a heterogeneous
1D layered earth model on the results of the inversion. In the following the
transient proles omputed by a FD algorithm (Rath & Mottaghy 2005) will
be onsidered as ground truth. Random variations of the thermal properties
on distint length sales will be introdued and the inversion results studied.
We will disuss the eet of systemati variations on a syntheti example of a
sedimentary rok olumn. We will study the steady state T -z prole that results
from ompation and elevated temperatures.
For the forward omputation a simplied GST history of the last 100 000
years is used, with a pre-observational mean of 5
◦
C. The prole is omputed
down to 10 000 m with a vertial resolution of 5m. For the analysis only the top
3000 m are used, the deeper parts are only neessary to avoid edge eets in
the solution. Thermal parameters are those of table 2 if not expliitly speied.
Obviously, the largest inuene on the temperature prole will ome from
variations in thermal ondutivity. Deviations from the straight line that is
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assumed for the stationary temperature will be falsely interpreted as noise or
paleolimate. In the homogeneous subsurfae framework it is impossible to
study variations of λ and κ separately. One way to overome this problem is to
ast the steady state part of the equation in terms of the Bullard depth zb, for
the homogeneous ase dened by zb = z/λ. Consider the dierential equation
for 1D heat transport in a homogeneous medium:
∂2T
∂z2
=
1
κ
∂T
∂t
+
A
λ
. (5)
Substituting ∂z = λ∂zb yields
∂2T
λ2∂z2b
=
1
κ
∂T
∂t
+
A
λ
(6)
⇒ ∂
2T
∂z2b
=
λ2
κ
∂T
∂t
+ λA (7)
Thus if κ′ = κ/λ2 and A′ = A/λ2, equation 1 an be written as:
T (zb) = T0 + q0zb +
A′z2b
2
+
N∑
j=1
TGn
(
erf
(
z
2
√
κ
′
tj
)
− erf
(
z
2
√
κ
′
tj−1
))
(8)
Using the transformed variables and taking the heat prodution term to the left
hand side, the steady state part of the prole an be redued to a homogeneous
problem. With this onstrut it is possible to use a layered model for the thermal
ondutivity and a homogeneous one for the thermal diusivity. This allows
us to study the inuene of thermal diusivity alone in the algorithm. With
the general framework established, we will now turn to the dierent aspets of
heterogeneity.
The noise on varying length sales has been studied by modifying the FD
model to ompute the temperature proles. The layers of the model were as-
signed random values of thermal ondutivity with a mean of 2.5 W(m K)
-1
and a standard deviation of 0.5 W(m K)
-1
. Volumetri heat apaity was held
onstant throughout the experiment, resulting in a simultaneous variation of
thermal ondutivity and diusivity. Ten dierent ongurations were onsid-
ered with layer widths x inreasing from 5 m to 1000 m. For eah onguration
50 realizations of the thermal ondutivity-depth prole were generated. These
were then used in the forward model to ompute 50 temperature depth proles.
Additionally, temperature prole for an equivalent half spae and for a layered
representation (equation 8) were omputed. The dierenes between the true
temperature prole and the two proles with assumptions are shown in gure 12.
The mist of the equivalent homogeneous model is large beause variations in
the steady state temperature prole are not reeted in the homogeneous model.
This highlights the importane of the knowledge of thermal ondutivity. On
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Figure 12: Mist between temperature proles omputed from the FD-model
and homogeneous models for varying length sales of variability. Mean RMS-
values are given for a homogeneous subsurfae (⋄) and for homogeneous κ only
(◦). Grey areas denote min/max range.
the other hand, for the model with homogeneous κ only deviations of the order
of a few mK our, suggesting that random variations of thermal diusivity are
smoothed out.
Next, the random data have been used as input to the inversion proedure.
For eah inversion the value and timing of the maximum temperature in the
Holoene have been reorded in order to ompress the results (gure 13). To
aommodate the inreasing mist between model and data for inreasing noise
length sale, the damping parameter ǫ was inreased from 0.35 to 1 aording
to an inrease in noise length sale from 5 m to 1000 m. This leads to a stronger
damping and is reeted in the derease of the maximum temperature value
beause models with smaller norms are preferred for large ǫ. The inuene of
noise on the result beomes most pronouned for length sales larger than 100
m when the sale of the signal is on the order of the noise sale. The timing of
the event is modied in a similar way.
In rystalline roks random variations of thermal properties might prevail,
in sedimentary roks systemati hanges are muh more important. Changing
depositional environments throughout time reate diverse rok types. The in-
uene on the inversion depends on the partiular setting. One aspet that is
often negleted is the variation of thermal properties in uniform sequenes of
rok due to the temperature dependene of thermal properties and the om-
pation with inreased overburden. In gure 14 a geologi prole of a single
rok type is onsidered. The thermal ondutivity of the matrix is taken as 3.5
W(m K)
-1
. An exponential derease of porosity due to ompation is assumed
(Athy's law) with a surfae porosity of 0.45 and a harateristi depth of 750
m (Allen & Allen 1990). Thermal ondutivity of the matrix is taken inversely
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proportional to temperature (Haenel et al. 1988) and heat apaity of the ma-
trix is approximately proportional to temperature in the range onsidered. For
simpliity the pore uid is assumed to be fresh water, thermal properties are
taken from referene tables (Wagner & Pruÿ 2002, Kaye & Laby 1968). Tem-
perature and heat ow at the surfae are 10
◦
C and 0.06 W m
-2
, respetively.
These assumptions lead to a urvature in the thermal properties (gure 14 ).
The urvature is reeted in the redued temperature Tr (gure 14 a). This
eet is similar in magnitude to the inuene of paleolimate. It is apparent
that these eets need to be taken into aount for any paleolimate inversion.
For omparison, eetive thermal rok properties are also given for a onstant
porosity of 0.1 to onsider only the temperature/pressure eets (gure 14 d).
The shape of the λ − z prole hanges onsiderably displaying the prominent
inuene of the porosity derease. The κ − z proles show that the porosity
eet is ompensating the temperature eet. Diusivity varies by about 20 %
in this example. When omparing these results to the inversions of the previous
setions it is lear that thermal ondutivity needs to be known aurately to
ahieve reliable results. Diusivity is again somewhat less important.
4 Case study: KTB
A temperature log assumed to be in equilibrium was reorded in the KTB pilot
hole down to 3990 m on September 17, 1997 and analyzed in Clauser (1999). An
earlier reording, dating from February 1996, was analyzed in detail for ther-
mal proesses, inluding transient eets of paleolimate (Clauser et al. 1997).
Shallow temperature logs in the viinity of the KTB site have also been inter-
preted in terms of paleolimati inuene (Clauser & Mareshal 1995, Clauser
1999). In the light of the previous setions, we will revisit the analysis of the
KTB borehole and disuss the unertainties onneted with the interpretation.
In that study the temperature data was inverted for paleolimate in the period
from 10
5
to 10
2
years before present, using 100 time steps, a thermal ondutiv-
ity of 2.92 W (m K)
-1
, a thermal diusivity of 10
-6
m
2
s
-1
, and a heat prodution
rate of 1.1 µW m-3. Their analysis yielded a peak to peak amplitude of 10 K
for the temperature inrease from the latest glaial stage to the Holoene.
The geologial prole in the KTB pilot hole is primarily omposed from two
lithologies: Metabasites and Gneisses. These an easily be separated using the
Gamma-ray-log (SGR) (gure 15, left panel). Thermal ondutivity (gure 15,
right panel) does not seem to vary systematially over the depth of the bore-
hole, justifying the assumption of a homogeneous half-spae. The mean thermal
ondutivity is (2.93 ± 0.60) W(m K)-1. This value redues to 2.82 W(m K)-1
if a temperature-pressure orretion is applied to the data (Buntebarth 1991).
Knowledge of the thermal diusivity is muh more unertain. Literature ites
ranges for Gneisses and Amphibolites as 0.5 to 1.2 ·10−6 m2 s-1 and 0.6 to
0.8 · 10−6 m2 s-1, respetively (Landolt-Börnstein 1982). Seipold (1995) reports
(0.8±0.2) ·10−6 m2 s-1 for Amphibolite samples from neighbouring sites. Again,
a orretion for temperature and pressure of the value given by Seipold (1995)
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Figure 15: Composite log, KTB pilot hole. Panels from left to right: 1) Spe-
tral Gamma Ray (SGR), temperature (TEMP), temperature gradient (TMPG);
2) Generalized lithology; 3) Thermal ondutivity: Core measurements (TC),
mean value (mean TC), ±1σ of the mean value (shaded area), orreted for tem-
perature and pressure (orr TC); 4) Heat prodution A from spetral gamma
ray (A), mean value of A (mean A), thermal diusivity κ (TD).
20
0 50 100 150 200
0
10
20
30
40
50
60
70
80
0.01 0.1
   1
  10
||m||
||G
(m
)−d
||
 Optimum ε ≈ 0.4 
Figure 16: L-urve for the inversion of the KTB pilot hole-temperature log.
redues the mean diusivity to a value of 0.70 m
2
s
-1
.
The next step in the analysis is the hoie of the optimum regularization
parameter ǫ. Figure 16 shows the L-urve for varying values of ǫ. The optimum
hoie seems to be ǫ = 0.4. Figure 17 highlights this in more detail. The inverted
time series for the dierent values of ǫ are shown. The diret omparison of
results is espeially helpful to analyze whih features of the GST history are
numerial osillations and whih ones represent atual information. At a level
of 0.4 osillations that hange the warming amplitude seem to be dampened
out. A more onservative interpreter might hoose an even higher value of 0.6,
but in this range of ǫ-values the main features are only hanged by a few tenth
of a degree Celsius.
Following the hoie of the damping parameter, we shortened the log to illus-
trate the detrimental eet of the log length. The maximum depth of originally
3990 m was suessively ut to lengths of 3000, 2000, and 1500 m. Figure 18
shows the reonstruted GSTH and transient temperature perturbation in the
borehole for various ut o depths. Deviations from the expeted results be-
ome signiant for depths less than 2500 m. It is noteworthy that not only
the temperature drop of the last glaial stage dereases but also the timing of
the optimum temperature in the Holoene hanges. An interpreter of paleoli-
mati inversions must be aware that the post glaial temperature inrease will
inuene the shape and timing of later events as well.
Table 3 shows the inversion results for the undisturbed GST (i. e. the pre-
observational mean), the heat ow into the model and the undisturbed gradient.
This highlights that the systemati variation of the GST history is aompanied
by an aording hange in the steady-state parameters. As disussed in the
setion on length of temperature logs, the heat ow value dereases whereas
the GST inreases. This is onsistent with inverting a step inrease in ground
surfae temperature using a log that is too short too fully resolve the GST
history. It an be expeted from this data that rustal heat ow estimates may
be too low by about 8 mW m
-2
, if a transient signal of the last ie age has not
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Table 3: Inversion results for the KTB log, ut o at various depths. The
inverted parameters vary systematially with the depth of the log.
Depth (m) T0 (
◦
C) q (mW m-2) dT/dz (mK m-1)
4000 4.14 86.3 29.6
3000 4.70 84.8 29.6
2000 5.51 81.8 28.0
1500 6.15 78.1 26.7
been properly removed.
5 Conlusions
The sensitivity analyzes in the previous setions have shown that the inversion
results are strongly dependent on data quality. The parameters most important
depend on the time sale of inversion. For inferenes about the post-glaial
temperature rise the maximum depth of the temperature log is the most hal-
lenging requirement. If it is met, the inversion is robust against noise in the
temperature data. A depth of more than 3000 m seems to be optimal to re-
solve the temperature rise adequately. Unfortunately, undisturbed temperature
logs running that deep are rare. Reonstrutions of the last millennium require
only modestly deep logs. A depth of about 300 m to 500 m is suitable to de-
rive a mean temperature for the last 1000 years. The exat values will depend
on the magnitude of the noise and the transient signal at a spei site. For
instane the IHFC database for borehole temperatures and limate reonstru-
tion lists 473 out of 754 temperature logs with a maximum depth greater than
300 m (http://www.geo.lsa.umih.edu/~limate). However, for this type of
inversion the demand on data delity is very high. Even a noise level of 0.1 K
seriously degrades the inversion results. In pratie the noise level a
Errors in the thermal properties, namely thermal diusivity and heat pro-
dution, seem not to be the main soure of error. The diusive nature of the
signal and the spreading over a wide depth range greatly dampen the inu-
ene of the thermal diusivity. The importane of heat prodution inreases
with reonstrution length. But even for studies of the last 100 000 years er-
rors introdued by false assumptions of the heat prodution rate will be small
ompared to other soures of error.
The studies on the regularization parameter show that a thorough noise
analysis should aompany any attempt to invert GST histories from geother-
mal data. The orret hoie of the regularization is ruial and should be
justied by some objetive means. A non-optimal hoie of the regularization
an easily lead to artefats that are muh larger than the alulated model
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errors. Espeially to small an ǫ introdues events that ould be mistaken for
variations of paleo-temperatures. We used the L-urve riterion but other meth-
ods like generalized ross validation (e. g., Hansen 1998, Haber & Oldenburg
2000, Aster et al. 2004) or trunated iterative methods (e. g., Hansen 1998,
Hanke 1995, Berglund 2002)ould also be utilized.
Finally, although the least-squares t with a Tikhonov regularization mini-
mizing the model norm is a generally applied method in solving ill-posed prob-
lems, it might not neessarily be the best hoie, as pointed out by Hansen
(1998). Other regularization methods might better preserve the information
ontained in borehole temperatures. These inlude Bayesian-type smoothing ap-
proahes (Serban & Jaobsen 2001) as well as nonlinear minimum support reg-
ularizers (Portniaguine & Zhdanov 1999, Zhdanov 2002, Zhdanov & Tolstaya
2004). Researh in the development of novel approahes to regularization and
the inorporation of prior knowledge are an urgent task for the future.
Aknowledgments
Our researh was funded by the German Federal Environmental Ministry as part
of the ativities of its AkEnd Working Group (http://www.akend.de) through
Bundesamt für Strahlenshutz (BFS, Federal Ageny for Radiation Protetion),
ontrat no. 9X0009-8390-0 to RWTH Aahen and ontrat no. WS 0009-8497-2
to Geophysia Beratungsgesellshaft mbH. Two anonymous reviewers provided
us with helpful suggestions.
Referenes
Allen, P. A. & Allen, J. R. (1990), Basin Analysis. Priniples and Appliations,
Blakwell Sienti, Oxford.
Aster, R., Borhers, B. & Thurber, C. (2004), Parameter estimation and inverse
problems, Aademi Press, San Diego.
Bek, A. E., Shen, P. Y., Beltrami, H., Mareshal, J.-C., afanda, J., Sebagenzi,
M. N., Vasseur, G. & Wang, K. (1992), A omparison of ve dierent analyses
in the interpretation of ve borehole temperature data sets, in Lewis (1992),
pp. 101112.
Beltrami, H. & Bourlon, E. (2004), `Ground warming patterns in the North-
ern Hemisphere during the last ve enturies', Global and Planetary Change
227(3-4), 169177.
Beltrami, H., Chapman, D. S., Arhambault, S. & Bergeron, Y. (1995), `Re-
onstrution of high resolution ground temperature histories ombining den-
drohronologial and geothermal data', Earth and Planetary Siene Letters
136(3-4), 437445.
24
Beltrami, H., Cheng, L. & Mareshal, J. C. (1997), `Simultaneous inversion of
borehole temperature data for determination of ground surfae temperature
history', Geophysial Journal International 129, 311318.
Beltrami, H. & Mareshal, J.-C. (1995), `Resolution of ground temperature his-
tories inverted from borehole temperature data', Global and Planetary Change
11(12), 5770.
Beltrami, H. & Taylor, A. E. (1995), `Reords of limati hange in the anadian
arti: Towards alibrating oxygen isotope data with geothermal data', Global
and Planetary Change 11(3), 127138.
Berglund, A.-C. (2002), Nonlinear Regularization -with Appliations to Geo-
physis, PhD thesis, Department of Informatis and Mathematial Modeling,
Tehnial University of Denmark.
Buntebarth, G. (1991), `Thermal properties of KTB-Oberpfalz VB ore samples
at elevated temperature and pressure', Sienti Drilling 2, 7380.
Carslaw, H. S. & Jaeger, J. C. (1959), Condution of heat in solids, 2nd edn,
Oxford University Press.
Clauser, C. (1999), Thermal signatures of heat transfer proesses in the Earth's
rust, Springer, BerlinHeidelberg.
Clauser, C., Giese, P., Huenges, E., Kohl, T., Lehmann, H., Rybah, L., afanda,
J., Wilhelm, H., Windlo, K. & Zoth, G. (1997), `The thermal regime of
the rystalline ontinental rust: Impliations from the KTB', Journal of
Geophysial Researh 102(B8), 1841718441.
Clauser, C. & Mareshal, J. C. (1995), `Ground temperature history in entral
Europe from borehole temperature data', Geophysial Journal International
121(3), 805817.
Constable, S. C., Parker, R. L. & Constable, C. G. (1987), `Oam's inversion:
A pratial algorithm for generatlng smooth models from eletromagneti
sounding data', Geophysis 52(3), 289300.
Esper, J., Cook, E. R. & Shweingruber, F. H. (2002), `Low-frequeny signals
in long tree-ring hronologies for reonstruting past temperature variability',
Siene 295, 22502253.
Farquharson, C. G. & Oldenburg, D. W. (2004), `A omparison of automati
tehniques for estimating the regularization parameter in non-linear inverse
problems', Geophysial Journal International 156, 411425.
González-Rouo, F., von Storh, H. & Zorita, E. (2003), `Deep soil tem-
perature as proxy for surfae air-temperature in a oupled model simula-
tion of the last thousand years', Geophysial Researh Letters 30(21), 2116,
doi:10.1029/2003GL018264.
25
Haber, E. & Oldenburg, D. (2000), `A GCV based method for nonlinear ill-posed
problems', Computational Geosienes 4(1), 4163.
Haenel, R., Rybah, L. & Stegena, L., eds (1988), Handbook of terrestrial Heat-
Flow Density Determination, Solid Earth Siene Library, Kluwer Aademi
Publishers.
Hanke, M. (1995), Conjugate Gradient Type Methods for Ill-posed Problems,
Pitman Researh Notes in Mathematis, Longman Sienti and Tehnial,
Harlow, UK.
Hansen, P. C. (1998), Rank Deient and disrete ill-posed Problems. Numerial
Aspets of Linear Inversion, SIAM, Philadelphia.
Huang, S., Pollak, H. N. & Shen, P.-Y. (2000), `Temperature trends over
the past ve enturies reonstruted from borehole temperatures', Nature
403, 756758.
Jones, M., Tyson, P. & Cooper, G. (1999), `Modelling limati hange in South
Afria from perturbed borehole temperature proles', Quarternary Interna-
tional 57/58, 185192.
Kaye, G. W. & Laby, T. H. (1968), Tables of Physial and Chemial Constants,
Longmans, London.
Kohl, T. (1998), `Palaeolimati temperature signals  an they be washed
out?', Tetonophysis 291, 225234.
Kohl, T. (1999), `Transient thermal eets below omplex topographies',
Tetonophysis 306, 311324.
Lanzos, C. (1961), Linear Dierential Operators, Van Nostrand, London.
Landolt-Börnstein (1982), Physial Properties of Roks, Vol. V, Springer.
Lewis, T. J., ed. (1992), Climati Change Inferred from Underground Temper-
atures, Vol. 98 of Paleogeography, Paleolimatology, Paleoeology (Global and
Planetary Change Setion), Elsevier, Amsterdam.
Mann, M. E. & Jones, P. D. (2003), `Global surfae temperatures over
the past two millennia', Geophysial Researh Letters 30(15), 1820,
doi:10.1029/2003GL017814.
Mann, M. E. & Shmidt, G. A. (2003), `Ground vs. surfae air temperature
trends: Impliations for borehole surfae temperature reonstrutions', Geo-
physial Researh Letters 30(12), 1607, doi:10.1029/2003GL017170.
Mareshal, J.-C. & Beltrami, H. (1992), `Evidene for reent warming from
perturbed geothermal gradients: Examples from Eastern Canada', Climate
Dynamis 6, 135143.
26
Menke, W. (1989), Geophysial Data Analysis: Disrete Inverse Theory, num-
ber 45 in `International Geophysis Series', rev. edn, Aademi Press.
Nitoiu, D. & Beltrami, H. (2005), `Subsurfae thermal eets of
land-use hanges', Journal of Geophysial Researh 110, F01005,
doi:10.1029/2004JF000151.
Portniaguine, O. & Zhdanov, M. S. (1999), `Fousing geophysial inversion im-
ages', Geophysis 64, 874887.
Rath, V. & Mottaghy, D. (2005), `Joint inversion for ground surfae temperature
histories: a ase study from the Kola Peninsula, Russia', Geophysial Journal
International Submitted.
Reiter, M. (2005), `Possible ambiguities in subsurfae temperature logs: Consid-
eration of ground-water ow and ground surfae temperature hange', Pure
and Applied Geophysis 162, 343355.
Seipold, U. (1995), `The variation of thermal transport properties in the Earth's
rust', Journal of Geodynamis 20(2), 145154.
Serban, D. Z. & Jaobsen, B. H. (2001), `The use of broad-band prior ovariane
for inverse paleolimate estimation', Geophysial Journal International .
Shen, P. Y. & Bek, A. E. (1991), `Least squares inversion of borehole tem-
perature measurements in funtional spae', Journal of Geophysial Researh
96(B12), 1996519979.
Shen, P. Y. & Bek, A. E. (1992), Paleolimate hange and heat ow density
inferred from temperature data in the Superior Provine of the Canadian
Shield, in Lewis (1992), pp. 143165.
Shen, P. Y., Pollak, H. N., Huang, S. & Wang, K. (1995), `Eets of subsurfae
heterogeneity on the inferene of limate hange from borehole temperature
data: Model studies and eld examples from Canada', Journal of Geophysial
Researh 100(B4), 63836396.
Signorelli, S. & Kohl, T. (2004), `Regional ground surfae temperature mapping
from meteorologial data', Global and Planetary Change 40, 267284.
Taniguhi, M., Shimada, J., Tanaka, T., Kayane, I., Sakura, Y., Shimano, Y.,
Dapaah-Siakwan, S. & Kawashima, S. (1999), `Disturbanes of temperature-
depth proles due to surfae limate hange and subsurfae water ow: 1.
An eet of linear inrease in surfae temperature aused by global warming
and urbanization in the Tokyo metropolitan area, Japan', Water Resoures
Researh 35(5), 15071517.
Wagner, W. & Pruÿ, A. (2002), `The IAPWS formulation 1995 for the ther-
modyami properties of ordinary water substane for general and sienti
use', Journal of Physial and Chemial Referene Data 31, 387535.
27
Zhdanov, M. S. (2002), Geophysial inverse theory and regularization problems,
Elsevier, Amsterdam.
Zhdanov, M. S. & Tolstaya, E. (2004), `Minimum support nonlinear
parametrization in the solution of a 3D magnetotelluri inverse problem',
Inverse Problems 20(3), doi:10.1088/02665611/20/3/017.
28
0 1000 2000 3000 4000 5000 6000 7000
0
0.5
1
1.5
2
2.5
time  [year BP]
G
ST
 [°
C]
0 500 1000 1500 2000
0
0.05
0.1
0.15
0.2
depth [m]
te
m
pe
ra
tu
re
 [°
C]
102 104
−4
−2
0
2
4
6
8
10
12
time  [year BP]
gr
ou
nd
 s
ur
fa
ce
 te
m
pe
ra
tu
re
 [°C
]
Input
3000 m
2000 m
1500 m
102 104
−4
−2
0
2
4
6
8
10
12
time  [year BP]
gr
ou
nd
 s
ur
fa
ce
 te
m
pe
ra
tu
re
 [°
C]
Input
3000 m
2000 m
1500 m
0 20 40 60 80 100 120 140 160 180
1.5
2
2.5
3
3.5
4
4.5
5
5.5
6
GR [API]
λ 
[W
 (m
 K
)−1
]
0 50 100 150 200
0
500
1000
1500
2000
2500
3000
3500
4000
Temperatur [°C]
Ti
ef
e 
[m
]
Arlesried 26a
Bad Endorf 3
Bad Waldsee GB2
Erding 1
Gaisbeuren 4
Günzburg 2
Haimhausen 2
Hebertshausen 3
Jordanbad Biberach
KTB Oberpfalz VB
Laimbach 1 / Aulendorf
Moenchsrot 32
Steinheim 27
2 4 6 8 10 12 14 16
0
500
1000
1500
2000
2500
3000
3500
4000
Reduzierte Temperatur [K]
Ti
ef
e 
[m
]
Arlesried 26a
Bad Endorf 3
Bad Waldsee GB2
Erding 1
Gaisbeuren 4
Günzburg 2
Haimhausen 2
Hebertshausen 3
Jordanbad Biberach
KTB Oberpfalz VB
Laimbach 1 / Aulendorf
Moenchsrot 32
Steinheim 27
